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Homotopy types of the identity components of homeomorphism groups of 2-manifold have
been classified in [2, 7, 9]. In this article we classify the homotopy type of connected components
of spaces of embeddings of compact connected polyhedra into 2-manifolds [11].
1. BACKGROUND
The homotopy type of the identity component $\mathcal{H}(M)_{0}$ of the group $\mathrm{H}(\mathrm{M})$ of $(C^{0}, \mathrm{P}\mathrm{L}, C^{\infty})$
homeomorphisms on asurface $M$ of finite type was studied in 1960’s and its classification is
now aclassical result. In the $C^{0}$-category, M. E. Hamstrom et al. $\lfloor\lceil 2,7$ ] studied the homotopy
groups of $\mathcal{H}(M)_{0}$ and R. Luke -W. K. Mason [3] showed that $\mathrm{H}(\mathrm{M})$ is an ANR (absolute
neighborhood retract) . After the development of infinite-dimensional manifold theory in $197()_{\iota}^{\backslash }\backslash$
[ $41\lrcorner$ it was shown that $\mathcal{H}(M)$ is atopological $l_{2}$ -manifold, and the topological type of $\mathcal{H}(M)_{0}$
was determined based on its homotopy type.
The study of homeomorphism groups is closely related to the study of $\mathrm{e}$ mbedding spaces
For example, the following properties of embedding spaces played crucial roles in the works of
Hamstrom and Luke .Mason: the triviality of the homotopy groups of the space of $\mathrm{e}$ mbeddings
of aone point union of circles, ANR property of the space of embeddings of acircle, eta
However, these results on spaces of embeddings into 2-manifold were restricted to $\mathrm{I}^{\mathrm{J}\mathrm{a}1\mathrm{t}\mathrm{i}\mathrm{a}1}$
cases.
In another viewpoint, the theory of conformal mappings in the complex plane [6] palyed an
important role in 2-dimensional topology. Conformal mappings give canonical coordinates to
domains in the complex plane. Those coordinates are used to extend homeomorphis ms on 1he
boundaries canonically to homeomorphisms on the domains.
Based upon these backgrounds, we have studied the remaining parts: abundle theorem which 1)
connects homeomorphism groups of surfaces with spaces of embeddings into surfaces, horne0-
morphism groups of surfaces of infinite type and spaces of embeddings of compact polyhedrs
into surfaces, etc.
In the $C^{\infty}$-category, it is well known that the restriction maps from the homeomorphism
group of amanifold $N$ to the space of embeddings of asubmanifold $L$ into $N$ is aprincipal
bundle [5]. We have shown asimilar result for any topological 2-manifold $M$ and any compact
subpolyhedron $X$ of $M[8]$ . Again the conformal mapping theorem is used to obtain canonical
extension of embeddings of $X$ to homeomorphisms of $M$ . This bundle theorem has been used
1419 2005 71-81
72
to show that the space $\mathcal{E}(X, M)$ of embeddings of $X$ into $M$ is an $\ell^{2}$-manifold [8]. We have
also provided a sufficient condition that the fiber of this bundle is connected [9]. Combining
these results with the results on $\mathcal{H}(M)$ for $M$ of finite type together, we have determined the
homotopy type and the topological type of $\mathrm{H}\{\mathrm{M}$ ) for $M$ of infinite type [9].
Now we are in a position to answer the following problem:
Problem. $\mathrm{F}\mathrm{e}$) $\mathrm{r}$ any 2-manifold $M$ and any compact connected subpolyhedron $X$ of $M$ , deter-
l1linc tllc hornotopy type and the topological type of the connected components of the space
$\mathcal{E}(X, M)$ of embeddings of $X$ into $M$ .
2. MAIN RESULTS
21. Main Theorem.
Suppose $M$ is a connected 2-manifold and $X$ is a compact connected subpolyhedron of $I[]’[$
with respect to some triangulation of $M$ . Let $\mathcal{E}(X, M)$ denote the space of topological embcd-
dings of $X$ into $M$ with the compact-0pen topology and let $\mathcal{E}(X, l1t)_{0}$ denote the connected
$(^{\backslash }()\mathrm{n}1\mathrm{p}()\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}$ of the inclusion map $i_{X}$ : $X\subset M$ in $\mathcal{E}(X, M)$ .
If $X$ is a point of $M$ then $\mathcal{E}(X, M)\cong M$ , and if $X$ is a closed 2-manifold then $X=M$ and
$\mathcal{E}(X, M)_{0}=\mathcal{H}(M)_{0}$ , whose homotopy type is already known [2, $7|.$ .
Assumption 1. Below we assume that $X$ is neither a point nor a closed 2-manif0ld.
$\mathrm{T}\mathrm{I}_{1}\mathrm{e}$ illclusio1l 1nap $i_{X}$ $X\subset M$ induces a homomorphism on the fundamental group $i_{X*}$
$\pi_{1}(X)arrow\pi_{1}(M)$ Denote the image of $i_{X*}$ by $G$ . We have the following three cases:
[1] $G$ : not a cyclic group [2] $G$ : a nontrivial cyclic group $[3^{\rceil}G=1$
Tlle hornotopy type of $\mathcal{E}(X, M)_{0}$ can be classified in the term of this subgroup G. (The
symbo ls $\mathrm{S}^{1}$ , $\mathrm{T}^{2}$ , $\mathrm{P}^{2}$ , $\mathrm{K}^{2}$ denote the circle, torus, projective plane and Klein bottle respectively.)
Theorem 1. Suppose $G$ is not a cyclic group.
(1) $\mathcal{E}(X, M)_{0}\simeq*$ if $M\not\cong \mathrm{T}^{2}$ , $\mathrm{K}^{2}$ .
(2) $\mathcal{E}(X, M)_{0}\simeq \mathrm{T}^{2}$ if $M\cong \mathrm{T}^{2}$ .
(3) $\mathcal{E}(X, M)_{0}\simeq \mathrm{S}^{1}$ if $M\cong \mathrm{K}^{2}$ .
Theorem 2. Suppose $G$ is a nontrivial cyclic group.
(1) $\mathcal{E}(X, M)_{0}\simeq \mathrm{S}^{1}$ if $M\not\cong \mathrm{P}^{2}$ , $\mathrm{I}^{2}$ , $\mathrm{K}^{2}$ .
(2) $\mathcal{E}(X, M)_{0}\simeq \mathrm{T}^{2}$ if $M\cong \mathrm{T}^{2}$ .
$(.\mathfrak{Z})$ Suppose $M\cong \mathrm{K}^{2}$ .
(i) $\mathcal{E}(X, M)_{0}\simeq \mathrm{T}^{2}$ if $X$ is contained in an annulus which does not separate $M$ .
(ii) $\mathcal{E}(X_{\mathrm{J}}M)_{0}\simeq \mathrm{S}^{1}$ otherwise.
(4) Suppose $M\cong \mathrm{P}^{2}$ .
(i) $\mathcal{E}(X, M)_{0}\simeq \mathrm{S}\mathrm{O}(3)/\mathrm{Z}2$ if $X$ is an orientation reversing circle in $M$ .
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(ii) $\mathcal{E}(X, M)_{0}\simeq SO(3)$ otherwise.
When $G=1$ , under Assumption 1, $X$ is contractible in $M$ and $X$ has a disk neighborhood
The 2-manifold $M$ admits a smooth structure and has a Riemannian metric. By $S(TM)\mathrm{w}(^{\mathrm{Y}}$
denote the unit circle bundle of the tangent bundle $TM$ . When $M$ is nonorientable, let $\overline{NI}$
denote the orientable double cover of $M$ .
Theorem 3. Suppose G $=1$ .
(1) $\mathcal{E}(X, M)0\simeq S(T\Lambda f)$ if $X$ is an arc or $M$ is orientable.
(2) $\mathcal{E}(X, M)_{0}\simeq S(T\overline{M})$ otherwise.
Complement. If we choose a base point $x_{0}\in X$ and condier the 11lap $p$ $\mathcal{E}(X, M)_{()}\neg$
$M\backslash p(f)=f(x_{0})$ , then in Theorem 3 (1), (2) $\mathcal{E}(X, M)_{0}$ is fiber preserving (f.p ) $\mathrm{I}_{1\mathrm{t})\mathrm{m}\mathrm{t})}\mathrm{t}\mathrm{c})1)\mathrm{v}$
equivalent over $\mathrm{i}\mathrm{t}_{\mathrm{i}}\Gamma$ to $S(TM)$ and $S(T\overline{M})$ respectively.
To determine the topological type of $\mathcal{E}(X, M)_{0}$ we can apply the theory of infifinite-(4irner1Lb $\mathrm{i}()\mathrm{n}|\mathrm{a}1$
manifolds [4]. Since $\mathcal{E}(X, M)$ is a topological $\ell^{2}$-manifold [8], the topological type of $\mathcal{E}(X, \Lambda I)_{\{\mathrm{J}}$
is determined by its homotopy type [4]. If $\mathcal{E}(X, M)_{0}$ has the homotopy type of a (.ornpae $\mathrm{t}$
polyhedron $P$ , then $\mathcal{E}(X, M)_{0}\cong P\cross\ell^{2}$ I$\mathrm{n}$ 10] we study the space of embedded images of $X$
in $\Lambda l$ , $\mathcal{K}(X, M)=\{f(X)|f\in \mathcal{E}(X, M)\}$ , equipped with the Frechet topology, and show tIl.d $\mathrm{t}$
the natural map $\mathcal{E}(X, M)arrow \mathcal{K}(X, M)$ is a principal $\mathcal{H}(X)$ -bundle.
2.2. Idea of Proof.
Theorems 1-3 are proved by the following considerations: First we take a regular rlelgh-
bo1hood $N$ of $X$ and compare the homotopy types of $\mathcal{E}(X, M)_{0}$ and $\mathcal{E}(N, M)_{0}\mathrm{t}\mathrm{h}_{1\mathrm{O}1\mathrm{l}}\mathrm{g}\}_{1}($ $\}_{1\mathrm{t}^{\backslash }}$
restriction map $\mathcal{E}_{\backslash }^{\acute{\mathfrak{l}}}N$, $M)_{0}arrow \mathcal{E}(X, M)_{0}$ : $f-\not\simeq f|_{X}$ . It is shown that, except two cases, this
restriction map is a homotopy equivalence. The exceptional cases are treated sepal apply $\mathrm{B}\epsilon$) $1()\mathrm{w}$
we consider the generic case. By Assumption 1 $N$ has a boundary and (.ldlYlits a $(.()\mathrm{r}\mathrm{e}Y\mathrm{w}\mathrm{h}\mathrm{i}($ $\mathrm{h}$
is a one point union of circles.
(1) If $G$ is not a cyclic group, $Y$ includes at least two independent essential circles In this $(.\mathrm{A}\mathrm{b}^{1}\Leftrightarrow$
it is shown that the restriction map $\mathcal{H}(M)_{0}arrow \mathcal{E}(N, M)_{0}$ is a homotopy equivale1lcc and we
$\mathrm{h}_{\dot{\mathrm{c}}}\iota \mathrm{v}\mathrm{e}$ the conclusion follows from the homotopy type of $\mathcal{H}(M)_{0}$
$(2’)$ If $G$ is a nontrivial cyclic group, $Y$ includes only one independent essential circle Olle call
eliminate dependent circles from $Y$ without changing the homotopy type of $\mathcal{E}(Y, M)_{0}$ Thus
the general case reduces to the case where $X$ is an essential circle. In the latter case, $\mathfrak{n}$ $\mathrm{e}$
can deduce the conclusion by comparing with $\mathcal{H}(M)_{0}(\mathrm{c}\mathrm{f}\cdot[7])$ . Generically, $\mathcal{H}(M)_{0}\simeq*\mathrm{y}\mathrm{i}\mathrm{t}_{-}^{1}1\mathrm{d}\mathrm{s}^{\backslash }$
$\mathcal{E}(X, M)_{0}\simeq \mathrm{S}^{1}$ (the circle of the rotations of $X$ along itself).
(3) When $G=[perp]$ , under Assumption 1, $X$ has a disk neighborhood $D$ For simplicity we
consider the case where $M$ is orientable. The unit circle bundle $S(TM)\mathrm{c}$ an be embedded into
$\mathcal{E}(X, M)_{0}$ in the following form: Fix a base point $x_{0}$ of $X$ . We identify $(D, x_{0})$ with the unit
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disk $(D(1), 0)$ in the plane $\mathbb{R}^{2}$ . Thus we can regard as $X\subset D(1)$ . If we choose a sufficiently
small function $\epsilon(x)$ : $Marrow(0, \infty)$ , then at each point $x\in M$ the exponential map $\exp$ is
defined on the $\epsilon(x)$ -neighborhood of the origin in $T_{x}M$ . For each $v\in S(T_{x}M)$ we take the
unique orientation preserving $(0.\mathrm{p}.)$ isometric embedding $j_{x,v}$ : $(D(1), 0)$ -$ $(T_{x}M, 0)$ with
$j_{x,v}(1,1)=v$ and define $i_{x,v}\in \mathcal{E}(X, M)_{0}$ by $i_{x,v}=\exp(\epsilon(x)j_{x,v}|_{X})$ . Theorem 3 is verified
by constructing a strong deformation retraction of $\mathcal{E}(X, M)_{0}$ onto $S_{\backslash }^{(TM)}$ . To deform any
topological embedding of $(X, x_{0})$ into $(D(1), 0)$ to a rotation around 0 canonically, we need
SO(2)-equivariant canoni cal extension of embeddings of $X$ into $D(1)$ . This is obtained by
using the conformal mapping theorem in the complex function theory [6].
3. SKETCH OF Proof
Let $M$ and $X$ bc as in Section 2.1. By $\mathcal{H}_{X}(M)$ we denote the group of homeomorphisms $h$
of $M$ onto itself with $h|_{X}=id$ , equipped with the compact-0pen topology, and by $\mathcal{H}_{X}(M)_{0}$ we
derl $()\mathrm{t}\mathrm{e}$ the identity component of $\mathcal{H}_{X}(l1C)$ . When $K$ is a subpolyhedron of $X$ , let $\mathcal{E}_{K}(X, M)$
denote the subspace of $\mathcal{E}(X, M)$ consisting of embeddings $f$ : $Xarrow M$ with $f|_{K}=id$ . and $1\mathrm{e}_{\cup}^{+}$
$\mathcal{E}_{K}(X, flf)_{0}$ denote the connected component of the inclusion map $ix$ : $X\subset M$ in $\mathcal{E}_{K}(X, M)$ .
By pulling $M$ into Int $M$ with using a collar $o\mathrm{f}M$ , it is shown that the inc lusion $\mathcal{E}$ ($X$ , Int $fVI$ ) $\subset$
$\mathcal{E}(X_{\backslash }M)$ is a homotopy equivalence. Thus there is no loss of generality under the following
$\partial_{\llcorner}\mathrm{b}_{\mathrm{t}}\mathrm{b}11\mathrm{m}\mathrm{p}t\mathrm{i}\mathrm{o}1\grave{1}$
Assumption 2. Below we assume that $\partial M=\emptyset$ .
3.1 Homotopy types of connected components of homeomorphism groups of sur-
faces.
When $\Lambda T$ is a surface of finite type, the homotopy type of $\mathcal{H}_{X}(M)_{0}$ is well known. When $\Lambda I$
$\mathrm{i}\backslash _{\llcorner}\mathrm{d}$ Sll1f.a( $.\mathrm{e}$ of finite type, the homotopy type of $\mathcal{H}_{X}(M)_{0}$ is classified as follows [9] .
Proposition 1. Suppose $M$ is a noncompact connected 2-manifold and $X$ is a compact sub-
polyhedron of $M$ .
(i) $\mathcal{H}_{X}(M)_{0}\simeq \mathrm{S}^{1}$ if $(M, X)\cong(\mathbb{R}^{2}, \emptyset)$ , $(\mathbb{R}^{2},1pt)$ , $(\mathrm{S}^{1}\cross \mathbb{R}^{1}, \emptyset)$ , $(\mathrm{S}^{1}\mathrm{x}[0, 1),$ , $\emptyset)$ or $(\mathbb{P}^{2}\backslash 1pt, \emptyset)$ .
(ii) $7\mathrm{i}\mathrm{x}(\mathrm{M})$ $\simeq*otherwise$ .
32 Bundle Theorem.
The homeomorphism group $\mathcal{H}_{K}(M)_{0}$ and the embedding space $\mathcal{E}_{K}(X, M)_{0}$ are joined by
the restriction map $\pi$ : $\mathcal{H}_{K}(M)_{0}arrow \mathrm{e}(\mathrm{x})M)_{0}$ , $\pi(f)=f|_{X}$ . In [8] we have investigated some
extension property of embeddings of a compact polyhedron into a 2-manifold, based upon the
conformal mapping theorem. The result is summarized as follows [9]:
Proposition 2. (i) The restriction map $\pi$ : $\mathcal{H}_{K}(M)_{0}arrow \mathrm{e}(\mathrm{x})M)_{0}$ is a principal bundle with
fiber $\mathcal{G}\equiv \mathrm{H}\mathrm{x}(\mathrm{M})0\cap \mathcal{H}x(M)$ , where the group $\mathcal{G}$ acts on $\mathcal{H}_{K}(M)0$ by right composition
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(ii) Suppose $K\subset Y$ are compact subpolyhedra ofX. Then the restriction map $p:\mathcal{E}_{K}(X, M)_{0}arrow$
$\mathcal{E}_{K}(Y, M)_{0}$ , $p(f)=f|_{Y}$ is a fiber bundle with fiber $T$ $=\mathcal{E}_{K}(X, M)_{0}\cap \mathcal{E}_{Y}(X, M)$ .
The next proposition provides a sufficient condition for the fiber $\mathcal{G}$ to be corl1lected $[9_{\mathrm{J}}’$ $(\#\Lambda$
denotes the cardinality of a set $A.$ )
Proposition 3. Suppose $N$ is a compact 2-submanifold of $M$ and $Y$ is a subset of N. $/f$
$(M, N, Y)$ satisfies the following conditions, then $\mathcal{H}_{Y}(M)_{0}\cap \mathcal{H}_{N}(M)=\mathcal{H}_{N}(M)_{0}$ .
(i) (a) If $H$ is a disk component of $N_{\rangle}$ then $\#(H\cap Y)\geq 2$ .
(b) If $H$ is an annulus or Mobius band component of $N$ , then $H\cap Y\neq\emptyset$ .
(ii) (a) If $L$ is a disk component of $cl(M\backslash N)_{2}$ then $\#(L\cap Y)\geq 2$ .
(b) If $L$ is a Mobius band component of $cl(M\backslash N)$ , then $L\cap Y\neq\emptyset$ .
3.3. Embedding spaces of regular neighborhoods.
Suppose $N$ is a regular neighborhood of $X$ in $M$ . By Proposition 2 (ii) we have the fifit)e\iota
bundle
$F$ $\equiv \mathcal{E}(N, M)_{0}\cap \mathcal{E}_{X}(N, M)arrow\succ \mathcal{E}(N, M)_{0}\underline{p}\mathcal{E}(X, M)_{0}$, $p(f)=f|_{X}$ .
Consider the following conditions:
(i) $X$ is an arc and $M$ is nonorientable. (ii) $X$ is an orientation reversing (o.l ) clrcle
Proposition 4.
(1) If $(M, X)$ is neither in the case (i) nor (ii), then $\mathcal{F}=\mathcal{E}_{X}(N, M)_{0}\simeq*and$ the $7’?cxp\mathit{1}$)
is a homotopy equivalence.
(2) In the case (i) or (ii) $\mathcal{E}(N, M)_{0}$ has a natural $\mathbb{Z}_{2}$ -action and the map $p$ factors as
$p$ : $\mathcal{E}(N, M)_{0}\underline{\pi}\mathcal{E}(\mathrm{A}^{\gamma}, f1/I)_{0}/\mathbb{Z}_{2}arrow \mathcal{E}(qX, M)_{0}$ .
The map $\pi$ is a double cover and the map $q$ is a homotopy equivalence.
34. Proof of Theorem 1.
Once we show that the restriction map $p$ : $\mathrm{n}(\mathrm{M})0arrow \mathcal{E}(X, M)_{0}$ is a homotopy $\mathrm{c}^{\backslash }\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{v}$ $.\mathrm{d}1\mathrm{e}\mathrm{I}1\mathrm{t}(^{1}$ ,
then the conclusion follows from the homotopy type of $\mathcal{H}(M)_{0}$ .
Let $N$ be a regular neighborhood of $X$ and let $N_{1}$ be the union of $N$ and tlle disk or Mobius
band components of $cl(M\backslash N)$ . The map $p$ factors to the restriction maps
$\mathcal{H}(M)_{0}arrow \mathcal{E}p_{1}$(1) $M)_{0}arrow \mathcal{E}(N, M)_{0}arrow \mathcal{E}(X, M)_{0}p_{2}p_{3}$
By Proposition 4 (1) the map $p_{3}$ is a homotopy equivalence. The map $p_{2}$ is also a ll0lrlotol)}
equivalence since $\mathcal{H}_{\partial}(E)\simeq*\mathrm{i}\mathrm{f}E$ is a disk or a M\"obius band. The nlap $p_{1}$ is a principal buxlclle
with fiber $\mathcal{G}=\mathcal{H}(M)_{0}\cap \mathcal{H}_{N_{1}}(M)$ . By Proposition 3 we have $\mathcal{G}=\mathcal{H}_{N_{1}}(M)_{0}\simeq*\mathrm{a}\mathrm{n}\mathrm{d}$ so $p_{1}$ is a
homotopy equivalence. Therefore the map $p$ is a homotopy equivalence. $\square$
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35. Simplification of embedded polyhedra –Elimination of circles.
In this section we apply Proposition 4 to modify the polyhedron $X$ without changing the
homotopy type of $\mathcal{E}(X, M)0$ .
Proposition 5.
(1) If $E$ is a disk or a Mobius band in $M$ and $\partial E\subset X_{2}$ then the restriction map $p$ :
$\mathcal{E}(X\cup E, M)_{0}arrow \mathcal{E}(X, M)_{0}$ is a homotopy equivalence.
(2) Suppose $X=Y\cup C$ is $a$ one point union of an inessential circle $C$ and a compact con-
nccted subpolyhedron $Y$ which satisfies the condition of Proposition 4 (1). Then the restriction
map $p:\mathcal{E}(X, M)_{0}arrow \mathcal{E}(Y, M)_{0}$ is a homotopy equivalence.
(3) Suppose $X=Y\cup C_{1}\cup C_{2}$ is $a$ one point union of two essential circles $C_{1}$ and $C_{2}$ and
a compact connected subpolyhedron $Y$ $(\neq \mathit{1}pt)$ , where if one of $C_{1}$ and $C_{2}$ is an $o.r$ . circle, we
relabel them so that $C_{2}$ is an $0.r$ . circle. If $G={\rm Im}(ix)_{*}$ is a cyclic group, then the restriction
”’ $app$ . $\mathcal{E}(X, M)0arrow \mathcal{E}(Y\cup C_{2}’, M)_{0}$ is a homotopy equivalence.
36 Proof of Theorem 2.
We treat the generic case (1). So we assume that $M\not\cong \mathrm{P}^{2}$ , $\mathrm{T}^{2}$ , $\mathrm{K}^{2}$ and show that $\mathcal{E}(C, f|I)0\simeq$
$\mathrm{S}^{1}$ The remaining cases are treated separately.
[1] Case where $X$ is a circle (cf. $\lceil 7]\llcorner$ ):
Suppose $C$ is an essential circle in $M$ . Fix a base point $x\in C$ and let $\alpha\in\pi_{1}(M, x)$ be the
clement represented }) $\mathrm{y}C_{/}$ with an appropriate orientation. By (a) we denote the subgroup of
$\pi_{1}(’M, x)$ generated by $\alpha$ Consider the following fiber bundles:
$F$ $\equiv$ $\mathcal{E}(C, M)_{0}\cap \mathcal{E}_{x}(C, M)$ $\subset$ $\mathcal{E}(C, M)_{0}$
$arrow p$ $M$ : $p(f)=f(x)$ ,
$\mathcal{G}$ $\equiv$ $\mathcal{H}_{x}(M)_{0}\cap \mathcal{H}_{C}(M)$ $\subset$ $\mathcal{H}_{x}(M)_{0}$
$arrow q$
$\mathcal{E}_{x}(C, M)_{0}$ : $q(h)=h|_{C}$ .
Inspecting these bundles, we see that
(i) $\mathcal{E}_{x}(C, M)_{0}\simeq*$ .
(ii) $\pi_{k}(\mathcal{E}(C, M)_{0})=0(k\geq 2)$ and $p_{*}\cdot\pi_{1}(\mathcal{E}(C, M)0,$ $ic)arrow{\rm Im} p\underline{\simeq}*\subset\pi_{1}(M, x)$ .
(iii) (a) $\alpha\in \mathrm{I}\mathrm{r}\mathrm{n}p_{*}\subset \mathrm{t}\mathrm{t}\mathrm{i}(\mathrm{M}, x)$ , (b) $\alpha\beta=\beta\alpha(\beta\in{\rm Im} p*)$ .
(iv) ${\rm Im} p_{*}=\langle\alpha\rangle$ $\cong \mathbb{Z}$ .
Since $\mathcal{E}(C, M)_{0}$ is an $\mathrm{A}^{\backslash }\mathrm{A}\mathrm{V}\mathrm{R}$ and $K(\mathbb{Z}, 1),\mathrm{i}\mathrm{t}$ follows that $\mathcal{E}(C, M)0\simeq \mathrm{S}^{1}$ .
[2] Case where $X$ is not a circle:
This case reduces to the circle case through the following argument: Let $N$ be a regular
neighborhood of $X$ . By Assumption 1 $N$ has a boundary and includes a subpolyhedron $Y$ such
that $N$ is a regular neighborhood of $Y$ in $M$ and $Y=A \cup(\bigcup_{i=1}^{m}C_{i})\cup(\bigcup_{i=j}^{n}C_{j}’)$ is a one point
union of essential circles $C_{i}$ $(i=1, \cdots m)(m\geq 1)$ , inessential circle$\mathrm{s}$ $C_{j}’(j=1, \cdots n)(n\geq 0)$
and an arc $A$ . Let $Y_{1}=A \cup(\bigcup_{i=1}^{m}C_{\mathrm{i}})$ . By Propositions 4 (1) and 5 (2) the following restriction
maps are homotopy equivalences:
$\mathcal{E}(X, M)_{0}-\mathcal{E}(N, M)_{0}arrow \mathcal{E}(Y, M)_{0}arrow \mathcal{E}(Y_{1}, M)_{0}$
1Since $i_{Y_{1*}}\pi_{1}(Y_{1})=i_{X*}\pi_{1}(X)$ is a cyclic subgroup of $\pi_{1}(M)$ , by the repeated application $0\{$
Proposition 5 (3) we can find some $C_{k}$ such that the restriction map
$\mathcal{E}(Y_{1}, M)_{0}arrow \mathcal{E}(A\cup C_{k}, M)_{0}$
is a homotopy equivalence.
Let $N_{1}$ be a regular neighborhood of $A\cup C_{k}$ . Then $N_{1}$ is a regular neighborhood of $C_{k}$ alld
it is an annulus or a M\"obius band. We set $C=C_{k}$ when $N_{1}$ is an annulus and $C=\partial N_{1}\mathrm{w}11\mathrm{c}^{\backslash }\mathrm{r}1$
$N_{1}$ is a Mobius band. The restriction maps
$\mathcal{E}(A\cup C_{k}, M)_{0}-\mathcal{E}(N_{1}, M)_{0}arrow \mathcal{E}(C, M)_{0}$
$\mathrm{a}\mathrm{l}\mathrm{e}$ homotopy equivalences. We have the required conclusion by applying $\mathrm{C}_{\dot{\epsilon}}*\mathrm{s}\mathrm{e}[1^{1}||$ to the circle
C. $\square$
3.7. Proof of Theorem 3.
For the sake of simplicity, below we assume that $\Lambda I$ is oriented and $X$ is $\mathrm{n}()\mathrm{t}.\mathrm{d}11$ ill $($ . $\mathrm{W}(\backslash$
choose a smooth structure and a Riemannian metric on $M$ Let $d$ denote the distance func tit)ll
induced from this Riemannianan metric. $\mathrm{T}\mathrm{I}_{1}\mathrm{e}$ tangent bundle $q$ . $TMarrow M$ is a 2-dim $()1\mathrm{i}‘\backslash 11\mathrm{t}\mathrm{t}^{\backslash }\mathrm{d}$
vec tor bundle with an inner product. By the assumption $X$ has a disk neighborhoof $D$ , $\mathrm{w}1_{1}\mathrm{i}_{\mathrm{C}}\}_{1}$
inherits a natural orientation from $M$ . Fix a base point $x_{0}$ of $X$
Notation 1. For the embedding space, the symbol $\mathrm{f}‘+$ ” denotes “orientation preserving”.. $\mathrm{F}_{\mathrm{t})}\mathrm{r}$
example, when $E$ is an oriented disk, $Y\subset E$ and $N$ is an oriented surface, we define cLrb. follows
$\mathcal{E}^{+}(E, N)=$ { $f\in \mathcal{E}(E,$ $N)|f$ preserves the orientations}
$\mathcal{E}^{+}(Y, N)=$ { $f\in \mathcal{E}(Y,$ $N)|f$ admits an extension $\overline{f}\in \mathcal{E}^{+}(E,$ $N)$ }
$\mathrm{F}\mathrm{o}1$ $X\subset D\subset M$ , we have $\mathcal{E}(D, M)_{0}=\mathcal{E}^{+}(D, M)$ axld $\mathcal{E}(X, M)_{0}=\mathcal{E}^{+}(X, M)$
3.7.1. Spaces of $\epsilon$-embeddings.
For $x\in f\downarrow \mathrm{f}$ and $r>0$ , let $C4(r)=\{y\in M|d(x, y)<r\}$ and $Ox(r)=\{v\in T_{I}\mathrm{W} ||If <\sim’ \}$
If $\hat{\mathrm{c}}$ : $Marrow(0, \infty)$ is a sufficiently small continuous function, then at $\mathrm{t}^{1}\mathrm{a}(.111$ point $x$ $\epsilon_{-}\angle 1’I\uparrow 1’-\langle^{1}$
exponential map $\exp$ defines an $0.\mathrm{p}$ . diffeomorphism $\exp$ . Ox $(\epsilon(x))arrow^{-}-\cdot U_{x}(_{-}’(\prime x))$ $\mathrm{S}\mathrm{i}_{\mathrm{I}1\mathrm{t}\mathrm{t}^{\backslash }\mathrm{t}^{\backslash }}\mathrm{x}_{\mathrm{I}_{I}^{)}}$
is smooth in $x\in\Lambda r$ , if we set
$O_{TM}(\epsilon)=\cup x\in MO_{x}(\epsilon(x))\subset TM$ $U_{lM}(\in)=\cup\{x\}x\in M\cross U_{x}(\epsilon(x))\subset M\cross M$
then we obtain a $\mathrm{f}.\mathrm{p}$ . diffeomorphism over $M$ :
$exp$ : $O_{TIM(}’\epsilon \mathrm{i}$ ) $-arrow U_{NI}(\epsilon 1,$ , $\exp(v)=(x, \exp(v))$ $(v\in \mathrm{O}\mathrm{x}\{\mathrm{e}(\mathrm{x}))$ .
Next consider the following subspaces of $\mathcal{E}(X, TM)$ and $\mathcal{E}^{+}(X, M)$ defined by
$\mathcal{E}_{q}^{+}$ $(X, x_{0;}O_{T\Lambda \mathrm{f}}(\in)$ , 0)
$=x\in i\mathfrak{l}I\cup \mathcal{E}^{+}(X, x_{0}, O_{x}(\epsilon(x)), 0)\subset \mathcal{E}(X, TM)$ .
where $\mathcal{E}^{+}$ ( $X,$ $x_{0}$ ;Ox $\{\mathrm{e}$ ( $\mathrm{x}$ )) $0)=\{f\in \mathcal{E}^{+}(X;O_{x}(\epsilon(x)))|f(x_{0})=0\}$
$\mathcal{E}_{\Xi}^{+}(X, \mathrm{J}I)$ $=\{f\in \mathcal{E}^{+}(X, M)|f(X)\subset U_{f(x_{0})}(\epsilon(f(x_{0})))\}\subset \mathcal{E}^{+}(X, M)$.
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The space $\bigvee_{q}c+$ $(X, x_{0;}O_{TNI}(\epsilon)$ , 0) has a natural projection onto $M$ . The projection $p$ :
$\mathcal{E}^{+}(X, M)arrow M$ , $p(f)=/(\mathrm{x}0)$ , induces the projection $p:\mathcal{E}_{\Xi}^{+}(X, M)arrow M$ .
Lemma 1. The $f.p$ . diffeomorphism $exp$ induces a $f.p$ . homeomorphism over $M$
Ex.p $\mathcal{E}_{q}^{+}(X, x_{0)}. O_{TM}(\epsilon), 0)\cong \mathcal{E}_{\epsilon}^{+}(X, M)$ , $Exp(f)=\exp$ of $(f\in \mathcal{E}^{*}(X, x0;O_{x}(\epsilon(x)),$ $0))\mathrm{F}$
Remark 1. With multiplying $\epsilon(x)$ on $T_{x}M$ , we see that $O_{TM}(\epsilon \mathrm{i})$ and $O_{TNI}(1)$ are f.p home-
$()^{-}\mathrm{n}1\mathrm{O}1\mathrm{p}11\mathrm{i}\mathrm{c}$ over $M$ . Thus $\mathcal{E}_{q}^{+}(X, x_{0}; O_{T\mathrm{A}I}(\epsilon), 0)$ and $\mathcal{E}_{q}^{+}(X, x0;O_{TM}(1),$ $0)$ are also $\mathrm{f}.\mathrm{p}$ . home0-
morphic over $M$ .
Lemma 2. The inclusion $\mathcal{E}_{\epsilon}^{+}(X, M)$ $\subset \mathcal{E}^{+}(X, M)$ is a $f.p$ . homotopy equivalence over $M$ .
This lemma is verified by extending $f\in \mathcal{E}^{+}(X, M)$ to $\overline{f}\in \mathcal{E}^{+}(D, M)$ canonically and shrink-
ing $\overline{f.}(D)$ towards $f(x_{0})$ .
$.\mathfrak{Z}$ 72. Reduction to the complex plane.
By the $\arg\iota \mathrm{l}\mathrm{r}\mathrm{r}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ in the previous section it remains to construct a $\mathrm{f}.\mathrm{p}$ . homotopy equivalence
$\mathcal{E}_{q}^{-}(X,$ $x_{0}$ ; $O_{TI\nu \mathcal{T}}(1)$ , 01, $\simeq S(TM)$ . Since $\mathcal{E}_{q}^{+}$ ( $X,$ $x0$ ;Otm (1) 0) is locally trivial, it suffices to
construct a canonical homotopy equivalence $\mathcal{E}^{+}$ ( $X,$ $x_{0}$ ; Ov (1), $\mathrm{O}$ ) $\simeq S(V)$ for any 2-dim oriented
$\mathrm{v}\mathrm{e}$({ $()1^{\cdot}$ space $V$ with an inner product.
First we work on the complex plane $\mathbb{C}$ . Let $\mathrm{D}(\mathrm{r}),$ $O(r)$ and $C(r)$ denote the closed disk, the
open disk and the circle in $\mathbb{C}$ with the center 0 and the radius $r$ . We fix an $0.\mathrm{p}$ . homeomorphism
$\backslash (D, x_{()})\sim=\mathrm{O}\mathrm{v}(1),$ $0)$ and regard as $\mathrm{O}\in X\subset D(1)$ . Let $O_{2}$ and $SO_{2}$ denote the orthogonal
group $<\iota \mathrm{n}\mathrm{d}$ the rotation group on $\mathbb{R}^{2}$ respectively. $SO_{2}$ acts on $\mathcal{E}^{+}$ $(X, x_{0} ; O(1), 0)$ by the left
cor1lI)ositi $()\mathrm{n}$ . For each $z\in \mathrm{C}(1)$ , we have the rotation $\theta_{z}$ of $\mathbb{C}$ defined by $9\mathrm{z}(\mathrm{w})=z\cdot w$ , by which
we ( $.\mathrm{a}\mathrm{n}$ identify $\mathrm{C}(1)$ wich $SO_{2}$ . The circle $\mathrm{C}(1)$ is naturally embedded $\mathrm{i}\mathrm{I}1\mathrm{t}_{\mathrm{J}}\mathrm{o}$ $\mathcal{E}^{+}(X, x_{0}; O(1), 0)$
bY $\sim\gamma$ } $-\rangle$ $\theta_{z}|_{\lambda}$ $\mathrm{T}\mathrm{I}_{1}\mathrm{e}$ next proposition is verified in the next section.
Proposition 6. There exists a canonical $SO_{2}$ -equivariant strong deformation retraction $F_{t}$ of
$\mathcal{E}$ $(X, x_{0\backslash }0(1)$ , 0) onto $C(1)$ .
Suppose $V$ is any oriented 2-dim vector space with an inner product and let $O_{V}(1)$ and
$C_{V}(11, (--- S(V))$ denote the open disk and the circle in $V$ with the center 0 and the radius 1
FOI $\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\downarrow$ $v\in C_{V}(1)$ there exists a uniqe $0.\mathrm{p}$ . linear isometry $\alpha_{v}$ : $\mathbb{C}\cong V$ such that $\alpha_{v}(1)=v$
$C_{V}(1)$ call be embedded naturally into $\mathcal{E}^{+}(X, x_{0} ; O_{V}(1), 0)$ by $C_{V(}’1$ ) $\ni varrow\alpha_{v}|x$ .
Choose an.v $0.\mathrm{p}$ . linear isometry $\alpha$ : $\mathbb{C}\cong V$ Then we can define a strong deformation
retraction $\varphi_{t}^{V}$ of $\mathcal{E}^{+}$ ($X,$ $x_{0}$ ; Ov (1), 0) onto Cy (1) by the following formula:
$\varphi_{t}^{V}(f)=\alpha F_{t}(\alpha^{-1}f)$ .
This definition is independent of the choice of $\alpha$ due to the $SO_{2}$ equivalence of $F_{t}$ . When
$X$ is an arc, it suffices to consider the case where $X=[-1/2,1/2]\subset O(2\grave{)}\cdot$ In this case, $O_{2}$
$\mathrm{a}(.\mathrm{t}_{\mathrm{b}^{\neg}}$ on $\mathcal{E}(X, 0;0(1),$ $0)$ and we can construct an $O_{2}$-equivariant strong deformation retraction
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$F_{t}$ of $\mathcal{E}(X, 0;O(1)$ , 0) onto $C(1)$ (cf. \S 3.8.3 Lemma 5). Therefore, even if $V$ is not olie1lted.
axly linear isometry $\alpha$ : $\mathbb{C}\cong V$ can be used to define a strong deformation retraction $\varphi_{f}^{V}()\mathrm{f}$
$\mathcal{E}$ $(X, x0;Ov(1)$ , 0) onto $C_{V}(1)$ . Thus, when $X$ is an arc, we need no assumption $()\mathrm{n}$ o1ielltatioKl
We have completed the proof of Theorem 3 except Proposition 6.
3.8. Canonical extension and deformation of embeddings into a disk.
We identify the complex plane $\mathbb{C}$ with the plane $\mathbb{R}^{2}$ . Let $A(r, 1)(0<r<1)\mathrm{d}_{\mathrm{e}11()}\mathrm{t}\in\}$ $\mathrm{t}\}_{\rfloor(}\supset$
annulus region i $\mathrm{n}$ $\mathbb{R}^{2}$ between the circles $C(r)$ and $\mathrm{C}(1)$ and $\lambda_{r}$ : $A(1/2,1)arrow A(r, 1)$ the nat uldl
radial homeomorphism. We fix a tuple of three points $a_{0}=(\mathrm{a}\mathrm{i})1,$ $i)$ on $\mathrm{C}(1)$ .
Below we use the conformal mapping theorem to give a canonical parametrization of $O(1)-X$
(\S 3.8.1)j and construct a canonical extension $\Phi(f)$ of $f\in \mathcal{E}^{+}(X, O(1))$ (\S 38.2). The $\mathrm{e}\mathrm{x}\mathrm{t}\mathrm{e}\mathrm{n}\iota \mathrm{s}.\mathrm{i}()11$
map $\Phi$ is $SO_{2}$-equivariant, and using this property, we construct a $SO_{2}- \mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}.\mathrm{d}\mathrm{J}1\mathrm{t}$ can$()\mathrm{n}\mathrm{i}(\mathrm{a}\mathrm{l}$
deformation $F_{t}(f)$ of $f$ to a rotation (\S 3.8.3).
3.8.1. Canonical parametrization.
We show that $O(1)-X$ has a canonical parametrization under normalization data. Ill ge1ler $\mathrm{d}1$ ,
when $G$ is a compact graph, $V(G)$ denotes the set of points of $G$ which $\mathrm{I}_{1}\mathrm{a}\backslash \cdot$ no neighborhood
homeomorphic to $\mathbb{R}$ . Each point of $V(G)$ is called a vertex of $G$ and the closure of $(^{\supset}\dot{\epsilon}1\mathrm{c}11$
component of $G-V(G)$ in $G$ is called an edge of $G$ .
Suppose $X$ is a compact connected polyhedron $(\neq 1\mathrm{p}\mathrm{t})$ topologically embedded $\mathrm{i}\mathrm{r}\mathrm{l}$ $\mathrm{C}(1)$
Then $O(1)-X$ is a disjoint union of an open annulus $U$ and finitely rKlany open disks $r^{r_{1}}$
$(_{\dot{i}=}\backslash 1, \cdots\rangle m)$ . Since the frontier $\mathrm{F}\mathrm{r}_{O(1)}U$ is a compact connected graph, there exists a $\prime 1\mathrm{I}1\mathrm{i}(1\iota\iota \mathrm{t}^{\backslash }$
cyclic chain of oriented edges $\mathrm{e}\mathrm{i}$ , $\cdot$ . $\backslash$. $e_{n}$ of Fr $U$ such that if we rrlove o11 these edges in this order
we obtain a unique loop $p_{U}$ which runs on Fr $U$ once in the “counterclockwise” orientation. with
seeing $U$ in the right-hand side. Similarly, each $\mathrm{F}\mathrm{r}_{O(1)}U_{i}$ is a compact conllected graph, $\dot{\not\subset}\mathrm{t}\mathrm{Y}\mathrm{l}\mathrm{d}$ we
can find a unique cyclic chain of oriented edges $e_{1}^{i}$ , $\cdots$ , $e_{n}^{i}$ of Fr $U_{i}$ such that if we $\mathrm{r}\mathrm{n}()\mathrm{v}\mathrm{e}$ on $\mathrm{t}11(^{s}.\mathrm{b}‘)$
edges in this order, we obtain a loop $\ell_{U_{i}}$ which runs on Fr $U_{i}$ once in the $” \mathrm{C}\mathrm{O}11\mathrm{n}\mathrm{t}(^{1}z\mathrm{r}\mathrm{c}1\mathrm{o}\mathrm{c}\mathrm{k}\mathrm{w}\mathrm{i}\mathfrak{u}\mathrm{s}\epsilon^{1}"$
orientation with seeing $U$ in the left-hand side. To normalize the data for $U_{i}$ , we $\mathrm{c}1_{1}\mathrm{o}\mathrm{o}\mathrm{s}\mathrm{c}^{1}$ $\mathrm{d}11$
ordered set $a_{i}=(x_{i}, y_{i}, z_{i})$ of three distinct points lying on the loop $p_{U_{\iota}}\mathrm{i}\mathrm{x}\mathrm{l}$ the positive $()\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{l}$
The data $a=(a_{i})$ is called normalization data for $X$ .
By the conformal mapping theorem (existance and boundary behaviour) [6] we have calloll-
ical parametrizations of $U$ and $U_{\mathrm{i}}’ \mathrm{s}$ .
Lemma 3. (1) For the annulus component $U$ , there exists a unique $r\in(0,1)$ and a unique $\mathrm{o}p$
map $g$ : $A(r, 1)arrow clU\subset \mathrm{D}(1)$ such that $g$ maps Int $A(r, 1)$ conformally onto $Uar\iota d\mathrm{g}(1)=1$ .
Furthermore, $g$ satisfies the following conditions:
(i) $g$ maps $\mathrm{C}(1)$ homeomorphically onto $C(1)$ ,
(ii) (a) $g(C(r))=\mathrm{F}\mathrm{r}U$ and
(b) There exists a unique collection of points $\{u_{1}, \cdots , u_{n}\}$ lying on $C(r)$ in $cou^{J}ntcr-$
clockwise order such that $g$ maps each positively oriented circular arc $[u_{j}\prime n_{j+1}]$ on
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$C(r)$ onto the oriented edge $ej$ in $0.p$ . way and maps Int $[u_{j} uj\star 1]$ homeomorphically
onto $e_{j}-V$ (Fr $U$ ). (Here $u_{n+1}=u_{1}$ , and when $n=1$ , we mean that $[u_{1}u_{1}]=C(r)$ .)
(2) For each $(U_{i}, a_{i})$ there exists a unique $0.\mathrm{p}$ . map $g_{i}$ : $\mathrm{D}(1)arrow clU_{i}\subset D(1)$ such that $g_{i}$ maps
$O(1)$ conformally onto $U_{i}$ and $\mathrm{g}(\mathrm{a}\mathrm{o})=a_{i}$ . Furthermore, $g_{i}$ satisfies the following conditions:
$(\mathrm{a}).q(C(1))=\mathrm{F}\mathrm{r}U_{i}$ and
(t) $)$ There exists a unique collection of points $\{u_{1}^{i}, \cdots, u_{n_{i}}^{i}\}$ lying on $C(1)$ in counterclock-
wisc order such that $g_{i}$ maps each positively oriented circular arc $[u_{j}^{i}u_{j+1}^{i}]$ on $C(1)$
onto the oriented edge $e_{j}^{i}$ in $0.p$ . way and maps Int $[u_{j}^{i}u_{j+1}^{i}]$ homeomorphically onto
$e_{J}^{i}-V$ (Fr $U_{i}$ ). (Here $u_{n_{i}+1}^{i}=u_{1}^{i}$ , and when $n_{i}=1$ , we mean that $[u_{1}^{i}u_{14}^{i_{1}^{\urcorner}}=C(1).$ )
We set $g_{0}=q\lambda_{r}$ : $A$ (2) $1)arrow clU$ . The collection of maps (go, $(g_{i})$ ) obtained in Lemma
3 is called the canonic al parametrization of $O(1)-X$ with respect to the normalization data
$a=(a_{i})$ .
382 Canonical extensions.
We fix normalization data $a=(a_{i})$ for $X$ . We show that each $f\in \mathcal{E}^{+}(X, O(1))$ has a canon-
$\mathrm{i}\mathrm{c}_{\dot{\epsilon}})\mathrm{J}$ extension $\Phi(f)\in 74^{+}(D(1))$ . The map $f$ has an extension $\overline{f}\in \mathcal{H}^{+}(D(1))$ . Corresponding
with the (.onnec ted components $U$ , $(U_{i})$ of $O(1)-X$ and normalization data $a=(a_{i})$ of $X$ ,
we obtain the connected components $V=\overline{f}(U)$ , (Vi) $=(\overline{f}(U_{i}))$ of $O(1)$ $-f(X)$ and normal-
$\mathrm{i}/_{\lrcorner}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ data $f(a)=$ ( $\mathrm{f}$ {Ui) $)$ of $\mathrm{f}(\mathrm{X})$ . (These are independent of the choice of $\overline{f}.$ ) Applying
$\mathrm{C}\mathrm{I}\iota \mathrm{e}$ argument in \S 3.8.1 to $(f(X), f(a))$ , we obtain the canonical parametrization $(h_{0}, (h_{i}))$ of
$\mathrm{O}(1)-f(X)$ with respect to the normalization data $f(a)$ .
(1) For $(U, V)$ there exists a unique $6(\mathrm{f})\in \mathcal{H}^{+}(C(1/2))$ such that $h_{0}\theta(f)=fg_{0}$ Let 6 $(f)\in$
$\mathcal{H}^{+}(A(1/2,1))$ denote tlle radial extension of $\theta(f)$ . Then there exists a unique homeomor phism
$6(\mathrm{f})\cdot$ $\mathrm{r}^{)}lUarrow clV$ such that $h_{0}\ominus(f)=\varphi(f)g_{0}$ . The map $\varphi(f)$ is an extension of $f$ . Fr $U\cong$
Fr $V$
(2) For each $(U_{\mathrm{i}}, V_{i})(i=1, \cdots, m)$ , there exists a unique $\theta_{i}(f)\in \mathcal{H}^{+}(C(1))$ such that
hiOi $(f)=fg_{x}$ . Let if $\mathrm{i}(\mathrm{J})\in \mathcal{H}^{+}(D(1))$ denote the conical extension of $\theta_{i}(f)$ . Then there exists
$\mathrm{c}\iota$ unique homeomorphism $\varphi_{i}(f)$ : $clU_{i}arrow clV_{i}$ such that $h_{i}\Theta_{i}(f)=\varphi_{i}(f)g_{f}$ . The map $\varphi_{\mathrm{z}}(f)$ is
all extension of $f$ Fr $U_{i}\cong \mathrm{F}\mathrm{r}V_{i}$ .




The map $\Phi=\Phi_{(X,a)}$ . $\mathcal{E}^{+}(X, 0(1))arrow \mathcal{H}^{+}(D(1))$ is continuous since conformal mappings
depend upon their ranges continuously.
383. Symmetry of the extension map $\Phi$ .
$[perp]\backslash ^{\mathrm{v}}\mathrm{e}\mathrm{x}\mathrm{t}$ we study the naturality and symmetry properties of the extension map $\Phi(X,a)$ : $\mathcal{E}^{\mathrm{T}}(X, O(1))arrow$
$\mathcal{H}^{+}(D(1))$ . We use the following notations: The rotation group 502 acts on $\mathcal{E}^{+}(X, O(1))$
and $\mathcal{H}^{--}(D(1))$ by the left composition, and $SO_{2}$ is naturally embedded into these spaces by
81
$\gammaarrow\gamma|x$ , $\gamma|_{D(1)}$ . Let $\eta$ : $\mathbb{R}^{2}\cong \mathbb{R}^{2}$ denote the reflection $\eta(x, y)=(x, -y)$ . Thc restli(.tioll of
$\gamma\in O_{2}$ onto $D(r)$ , $\mathrm{O}(\mathrm{r})$ etc are denoted by the same symbol $\gamma$ .
Lemma 4. (1) $\Phi_{(X,a)}(gf)=\Phi_{(f(X),a(f))}(g)\Phi_{(X,a)}(f)$ $(f\in \mathcal{E}^{+}(X, O(1))\rangle g\in \mathcal{E}^{+}(f\cdot(X), O(1)))$ .
(2) $\Phi_{(X,a)}(\gamma|x)=\gamma$ $(\gamma\in SO_{2})$ .
(3) $\Phi_{(X,a)}$ : $\mathcal{E}^{+}(X, O(1))arrow \mathcal{H}^{+}(D(1))$ is $SO_{2}$ -equivariant.
When $X$ is an arc, by the similar argument, we can construct the following canonical $\mathrm{t}_{arrow}^{\supset}\mathrm{X}-$
tension map. We set $\mathcal{E}^{*}(X, O(1))=\mathcal{E}(X, O(1))\cross\{\pm\}$ . For each $(f, \delta)\in \mathcal{E}^{*}(X, \mathrm{O}(\mathrm{r}))\mathrm{w}^{3}$‘
obtain a canonical extension $\Phi(f, \delta)\in \mathcal{H}^{\delta}(D(1))$ . The canonical extension map $\Phi=\Phi_{X}$
$\mathcal{E}^{*}(X, O(\backslash 1))arrow \mathcal{H}(D(1))$ is continuous and has the following properties
Lemma 5. (Case where $X$ is an arc)
(1) $\Phi_{X}(gf, \epsilon\delta)=\Phi_{f(X)}(g, \epsilon)\Phi_{X}(f, \delta)$ $((f, \delta)\in \mathcal{E}^{*}(X, O(1)),$ $(g, \epsilon)\in \mathcal{E}^{*}(f(X), \mathrm{O}(1)))$
$(2)\Phi_{X}(\gamma|_{X}, \delta(\gamma))=\gamma$ $(\gamma\in O_{2})$ .
(3) (i) $\Phi_{X}$ : $\mathcal{E}^{*}(X, O(1))arrow \mathcal{H}(D(1))$ is $O_{2}$ -equivariant.
(ii) $\Phi_{\eta(X)}(\eta f\eta|_{\eta(X_{\grave{J}}}, \delta)=\eta\Phi_{X}(f, \delta)\eta$ $((f, \delta)\in \mathcal{E}^{*}(X, O(1)))$ .
Proof of Proposition 6. Using the Alexander trick, we can construct a $S\mathrm{O}_{2}- \mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{v}.\mathrm{d}$ lian $\tau$
strong deformation retraction $H_{t}$ of $\mathcal{H}_{0}^{+}(D(1))$ onto $SO_{2}$ . Then we can define a $SO_{2}$ -equivariarit
strong deformation retraction $F_{t}$ of $\mathcal{E}^{+}$ $(X, 0;O(1)$ , 0) onto $SO_{2}\cong C(1)$ by Ft (f) $=H_{t}(\Phi_{X}(f\backslash ,))[searrow]$
$\square$
Now we have completed the proofs of Theorems 1-3.
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